We examine the stability of classical states with a generic incommensurate spiral order against quantum fluctuations. Specifically, we focus on the frustrated spin-1/2 XY and Heisenberg models on the honeycomb lattice with nearest-neighbor J1 and next-nearest-neighbor J2 antiferromagnetic couplings. Our variational approach is based on the Jastrow wave functions, which include quantum correlations on top of classical spin waves. We perform a systematic optimization of wave vectors and Jastrow pseudo-potentials within this class of variational states and find that quantum fluctuations favor collinear states over generic coplanar spirals. The Néel state with Q = (0, 0) extends its stability well beyond the classical value J2/J1 = 1/6. Most importantly, the collinear states with Q = (0, 2π/ √ 3) (and the two symmetry-related states) are found to be stable in a large regime with intermediate frustration, while at the classical level they are limited to the point J2/J1 = 0.5. For large frustration, the 120
I. INTRODUCTION
Magnetic frustration in spin systems is responsible for complex phase diagrams due to the competition between states that are very close in energy but exhibit fundamentally different properties [1] . Although exotic phases with no magnetic order (possibly having topological order and fractional excitations) represent the forefront of present research in the field, understanding complex magnetically ordered phases in quantum spin models remains of great interest as well. Indeed, at present spin liquids are found in only relatively small regions of frustrated spin models, such as the J 1 -J 2 model on the square lattice [2, 3] or the Heisenberg model on the kagome lattice [4, 5] . On the other hand, ordered phases are ubiquitous and represent important examples of correlated states [1] .
The first step and simplest approximation in describing these phases is obtained by considering spins as classical variables, thus completely neglecting quantum fluctuations. This approximation is adequate when the spin S is large, e.g., for half-filled d or f shells in the presence of a large Hund coupling (mathematically speaking, this approximation becomes exact when S = ∞). In order to include quantum corrections, a systematic perturbative approach can be constructed by using the so-called Holstein-Primakoff transformation [6] . Here, the firstorder terms at the O(1/S) level already contain quantum correlations that correctly describe the low-energy spin-wave spectrum. In addition, within this scheme, it is possible to obtain rather accurate results for the renormalization of the magnetization due to quantum fluctuations. The O(1/S) quantum corrections may also select the correct ground state when the classical ground state is highly degenerate, e.g., for the J 1 -J 2 model on the square lattice for J 2 /J 1 > 0.5 [7] . Unfortunately, this technique becomes very cumbersome when considering higher corrections beyond O(1/S). Alternative approaches exist, e.g., a modified spin-wave theory [8] , but they too involve complicated perturbative expansions. Therefore, identification of simple variational wave functions is useful to go beyond the spin-wave approximation and capture non-perturbative effects. Indeed, this approach has been widely used to study different spin models on frustrated lattices [9] [10] [11] [12] [13] .
Among frustrated spin models, a particularly interesting example is the J 1 -J 2 Heisenberg model on the honeycomb lattice:
where the sums ij and ij run over all the nearestneighbor and next-nearest-neighbor bonds, respectively; S i = (S In recent years, a lot of effort has focused on understanding the phase diagram of this model, mainly in the case of antiferromagnetic Heisenberg interactions [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Interestingly, the J 1 -J 2 model on the honeycomb lattice has a non-trivial phase diagram even at the classical level, since for J 2 /J 1 > 1/6 the ground state has an infinite degeneracy due to the fact that the wave vector Q can vary on closed contours in the Brillouin zone; see below [24, 25] . The spin-1/2 quantum model has been the subject of recent works, and was shown to exhibit magnetically disordered regions for sufficiently large frustration, which presumably have plaquette and dimer orders [21] [22] [23] .
A closely related model that also exhibits a rich phase diagram is the frustrated spin-1/2 XY model in the hon-eycomb geometry:
By using the fact that S ± j = S x j ± iS y j , the spin-1/2 XY model is equivalent to "non-interacting" hardcore bosons with hopping amplitudes J 1 /2 and J 2 /2 at nearest-and next-nearest-neighbor sites, respectively [26, 27] . By using exact diagonalizations on small clusters, it was suggested that a disordered spin-liquid phase may appear in a narrow regime of intermediate frustration, in between magnetically ordered antiferromagnetic and collinear phases [26] . This scenario is consistent with variational calculations involving partonic wave functions [28] . However, recent density-matrix renormalization group calculations have instead pointed toward an unexpected ordered phase (with spin order along the zaxis, which is equivalent to a charge-density wave in the boson language) [29] . Both these scenarios are highly unusual and currently the nature of the ground state for 0.2 J 2 /J 1 0.3 is not understood.
Both exact-diagonalization and density-matrix renormalization group studies are done in finite systems with highly constrained geometries. The complex quantum states that these methods select are in competition with other ordered states, including spirals that are often suggested by the classical analysis. The stabilization of these spirals may be highly frustrated in finite systems, which generates concerns about extrapolating finite-size results to the thermodynamic limit. Therefore, it is important to carry out a systematic study of these spiral states on large lattices and including quantum fluctuation around classical ground states. This is the focus of our work.
Our approach is based on introducing Jastrow wave functions that are particularly suitable to describe magnetically ordered states [9, 13] . These variational states are constructed by applying a long-range Jastrow factor, which enables us to account for quantum effects, to classical spin waves with a given wave vector Q and relative phase η between the two spins in the unit cell (the detailed description is given in Sec. III). We show that the best Jastrow state may have a Q vector different from the one that minimizes the classical energy. In general, collinear phases are highly favored over generic spiral ones. In particular, the Néel state with Q = (0, 0) remains stable up to J 2 /J 1 ≃ 0. • state sets in. The paper is organized as follows: In Sec. II, we provide a short summary of the classical results. In Sec. III, we discuss the form of the variational states that are used. In Sec. IV, we show our numerical results, and, finally, in Sec. V, we draw our conclusions.
II. CLASSICAL RESULTS
Here, we briefly summarize the classical results [14, 24] , which apply for both Heisenberg and XY models. Assuming coplanar order in the XY plane, the spins on the two sublattices are
when the site i belongs to the A sublattice, and
when the site i belongs to the B sublattice. Here, R i denotes the coordinates of the site i in the triangular Bravais lattice, the two sites in the unit cell having the same R i . Q is the spiral wave vector, and η + π (notice the definition with the minus sign for spins on the B sublattice) defines the angle between the two spins on different sublattices. Within this notation, the Néel antiferromagnet is described by Q = Γ = (0, 0) and η = 0 while the state with 120
and an arbitrary phase shift (the two sublattices being totally decoupled). The classical energy per spin for a generic coplanar spin wave can be written as 
where
By minimizing the classical energy with respect to Q a , Q b , and η, one finds two regimes: for J 2 /J 1 < 1/6, the lowest-energy state has Q * = (0, 0) and η * = 0, while for J 2 /J 1 > 1/6 it has a finite Q * satisfying the relation
while η * is completely defined by
Given Eq. (6), there are infinite spiral wave vectors that minimize the energy at any given value of J 2 /J 1 > 1/6. In Fig. 1 , we report the classically degenerate solutions for a few values of J 2 /J 1 : they form closed contours around Γ for 1/6 < J 2 /J 1 < 1/2 (spirals I) and around
, the closed contour has a hexagonal shape and, among all possible spirals, there are three particularly simple collinear states, in which all nearest-neighbor bonds along one direction are ferromagnetic, while the other two are antiferromagnetic. One of these states has Q = M = (0, 2π/ √ 3) and η = π. These collinear states are stabilized in a wide region of the phase diagram when quantum fluctuations are considered. The 120
• state is recovered only when J 2 /J 1 → ∞, i.e., when the two sublattices are totally decoupled. Real-space spin configurations for some representative states described above are depicted in Fig. 2 .
Finally, we mention the fact that the O(1/S) quantum corrections lift the huge classical degeneracy for J 2 /J 1 > 1/6, selecting wave vectors along Γ-M (and symmetryrelated ones) for J 2 /J 1 < 1/2 and along the border zone for J 2 /J 1 > 1/2 [14] . In the following, we will analyze the extent to which the O(1/S) scenario is preserved for S = 1/2 models.
III. VARIATIONAL WAVE FUNCTIONS
The variational states containing quantum fluctuations are defined by:
Here, |SW is a spin-wave state, described by a wave vector Q and a phase shift η:
where η i = 0 if i belongs to sublattice A and η i = η + π if it belongs to sublattice B. |SW is equivalent to a classical state where each spin points in a given direction in 
the XY plane. P S z tot =0 is the projector onto the subspace with S z = 0. When projected into this subspace, |SW is translationally invariant, since for example:
where T a is the translational operator of one lattice site along a and N is the number of sites of the Bravais lattice, Q · aN = 0 (mod 2π). Quantum fluctuations are included through the longrange Jastrow factor
where, in a translationally invariant system, the pseudopotential v ij depends upon the vector R i − R j . All the independent parameters (i.e., the v ij 's as well as Q and η) are optimized via Monte Carlo simulations in order to minimize the variational energy [30, 31] . Quantum fluctuations in the spin-1/2 case are expected to be strong enough to substantially change the classical scenario. We would like to emphasize that we consider only two-body correlations; higher-order terms have been used to improve both the signs and the amplitudes of variational states in frustrated lattices [11] . Indeed, while our wave function has the correct signs for the unfrustrated case with J 2 = 0 (where a Marshall sign rule holds), in general it does not reproduce the correct (and unknown) sign structure. We would like also to remark that the variational state explicitly breaks the spin SU(2) symmetry of the Heisenberg model. This is apparent from the fact that the order parameter is in the XY plane, and the Jastrow factor contains only the z component of the spin operator.
Since quantum effects may favor states with a different ordering vector than the one selected by the classical model, we compute the energy by optimizing the Jastrow parameters for all non-equivalent spin waves allowed by the particular lattice size and study an extensive range of values of η in order to determine the state with the lowest possible energy. It should be emphasized that not all possible Q vectors are accessible on finite clusters. This fact is particularly relevant when considering spirals, which may be frustrated on a given finite lattice; nonetheless, it is still possible to follow the evolution of the wave vector as a function of the frustrating ratio J 2 /J 1 and to detect the stability of collinear phases.
Finally, it is important to note that classical states with generic Q do not in general possess the underlying rotational invariance of the lattice, i.e., pairs of spins along different spatial orientations and the same geometric distance apart might be correlated in different ways. When attempting to build correlations on top of such states, those differences are naturally accounted for in our trial states by considering a Jastrow factor with parameters v ij that allow for the breaking of rotational invariance of the lattice.
IV. RESULTS
In what follows, we explore the extent to which the classical scenario is modified by quantum fluctuations in the spin-1/2 XY and Heisenberg models. We determine the spin-ordered variational states for 0 ≤ J 2 /J 1 ≤ 5 by performing extensive Monte Carlo simulations for various (L × L × 2)-site clusters (L being the number of unit cells along a and b), with L = 4, 6, 8, 10, 12, 14, 16, and 18 (L = 20 was simulated for a few selected values of J 2 /J 1 ). We also report the energies extrapolated in the thermodynamic limit. The comparison with exact results on a small L = 4 cluster for both the XY and the Heisenberg models is presented in the Appendix.
A. Quantum XY model To identify the presence of possible spirals, one needs to carefully investigate large cluster sizes. However, even for rather large cluster sizes, only a discrete number of wave vectors are available (i.e., q = 2π/L[n, (2m − n)/ √ 3], n and m being integers) and incommensurate spirals cannot be captured. Nonetheless, it is possible to reach a quite detailed understanding of the evolution of the wave vector describing ordered states.
In Fig. 3 , we report the wave vectors Q that give the lowest energies of the Jastrow states [Eq. • state from a point at J 1 /J 2 = 0 to an entire region with J 2 /J 1 3.5. In particular, we find that spirals I disappear from the phase diagram and only spirals II occur in the presence of quantum fluctuations, between the collinear and the 120
• states. Moreover, quan- tum fluctuations determine an order-by-disorder lifting of the huge classical degeneracy, the wave vector of spiral phases being always along M-K ′ (finite-size effects may favor wave vectors that are close to but not exactly along the border zone). Unfortunately, even on the L = 18 cluster there are only two q points between M and K ′ and, therefore, it is extremely difficult to follow the evolution of the wave vector for J 2 /J 1 1.
We should add that, as seen in Fig. 4 , the difference in energy between the competing spirals and the collinear and 120
• states is very small. This suggests the possibility that spirals may disappear altogether in the thermodynamic limit, i.e., that quantum corrections favor spirals with relatively short periods such as the collinear and 120
• states. Another possibility is that, as one increases the system size, new spirals will appear between the collinear and 120
• states, pushing the stability region of the latter state to higher values of J 2 /J 1 .
In Fig. 5(b) , we report the energy of the XY model as a function of the wave vector along the highly symmetric lines in the Brillouin zone for J 2 /J 1 = 0.3; the classical results are reported in Fig. 5(a) for comparison. Figure 5 (b) makes apparent that quantum fluctuations dramatically reduce the dependence of the energy on the wave vectors along these lines. Furthermore, and more importantly, the minimum in the energy is shifted from spirals I (here along Γ-M) to the collinear state with Q = M.
Having explored the various spin configurations for several cluster sizes, we have also done a finite-size scaling analysis of the energy for 0 ≤ J 2 /J 1 ≤ 1, where the Néel and collinear states are found to be the lowest energy states in all sizes considered here. The thermodynamic value for the energy per site can be obtained from [32] [33] [34] where E ∞ is the energy in the thermodynamic limit; the fitting parameters C = βc sw and D = αc 2 sw /ρ s provide information about the spin-wave velocity c sw and the spin stiffness ρ s (α and β are parameters that depend upon the details of the lattice).
Typical examples of the application of this extrapolation procedure are shown in Fig. 6 . For the cluster sizes utilized to determine E ∞ , Eq. (13) provides an excellent description of the scaling of the data. The nearly linear behavior of the fits shows that the contribution of the leading L −3 correction to the thermodynamic limit result is dominant for the system sizes considered.
The extrapolated results for the energy in the thermodynamic limit, as well as the classical predictions, are Table I . A comparison between the two makes apparent that the addition of quantum fluctuations dramatically reduces the energy of the ordered states. The values obtained for C [see Eq. (13)] are also reported in Table I . If one assumes that β changes moderately with frustration, the evolution of C resembles the behavior of the spin-wave velocity c sw . We find that C has a local minimum around the transition between the Néel and the collinear phases. Most importantly, our results indicate that the spin-wave velocity remains finite at the transition. In addition, C is seen to decrease and vanish as one approaches the transition between the collinear state and the spirals, which occurs for J 2 /J 1 ≃ 1.
B. Quantum Heisenberg model
We now study what happens to the ordered phases in the Heisenberg model and show that, in this case also, quantum fluctuations strongly modify the classical picture favoring collinear states.
In Fig. 7 , we report the evolution of the wave vector upon increasing frustration on a (18 × 18 × 2)-site cluster. The results can be seen to be quite similar to those for the XY model (see Fig. 3 ), with an important difference that we highlight in what follows. The corresponding energies as a function of J 2 /J 1 are reported in Fig. 8 . The results for this large cluster provide strong indications of the trends in the thermodynamic limit. First of all, the stability of the Néel state persists up to J 2 /J 1 ≃ 0.3, which is even larger than what was found in the XY model. Starting at that point, the best energy is given by the spiral with Q = (π, 0): in the 18 × 18 × 2 cluster this wave vector is not present and the best energy is found for Q = (π, π/9 √ 3), which is the closest point to Q = (π, 0). For smaller clusters having (π, 0), we have checked that the spiral with Q = (π, 0) is indeed the ordered state with the lowest energy. This spiral state is stable up to J 2 /J 1 ≃ 0.7. Therefore, the stability region • state is found to be the best variational state.
As in the XY model, quantum fluctuations lift the degeneracy between the states with Q = (π, 0) and Q = (0, 2π/ √ 3). For example, on the 18 × 18 × 2 cluster, the energies of the states with Q = (π, π/9 √ 3) and Q = (0, 2π/ √ 3) are E = −0.430003(5) and E = −0.423142(5), respectively, for J 2 /J 1 = 0.5; while they are E = −0.51265(1) and E = −0.51849(1), respectively, for J 2 /J 1 = 0.8. In Fig. 5(c) , we report the results for the energy as a function of the wave vector for J 2 /J 1 = 0.3 and L = 18. In this case, we can see the appreciable differences between the XY and Heisenberg models: in the former, the energy minimum is already at Q = M, while, in the latter, the energy minimum is still at Q = Γ, and local minima can be seen around (π, 0) and (0, 2π/ √ 3). By comparing the results for the XY (see Fig. 4 ) and Heisenberg (see Fig. 8 ) models one can see that the main qualitative difference between them is the existence of a (π, 0) spiral as the lowest energy state in the latter. Hence, while quantum fluctuations lift the degeneracy between the (π, 0) spiral and the collinear state in both models, only in the Heisenberg model do these spirals appear as the ground state in our variational approach based upon Jastrow wave functions.
In Fig. 9 , we show typical examples of the extrapolations done for the Heisenberg model in order to obtain the energy in the thermodynamic limit, where we have used the scaling in Eq. (13) . As for the XY model (see Fig. 6 ), we have found that Eq. (13) provides an excel- lent description of the data for the Néel and collinear states. The nearly linear behavior of the fits makes apparent that the contribution of the leading L −3 correction to the thermodynamic result is dominant for the system sizes considered. In contrast, the finite-size trend for the (π, 0) spiral shows an anomalous behavior, with a positive slope (i.e., a negative coefficient C). Moreover, in this case, a substantial contribution from the sub-leading corrections L −4 is present, i.e., our results for this state (which include the cluster with L = 20) suffer from strong finite-size effects. Hence, larger clusters and/or Jastrow factors with higher-order correlations are needed to clarify the fate of the (π, 0) spiral in the thermodynamic limit.
Results for the extrapolated energies and corresponding orderings for the Heisenberg model in the thermodynamic limit are shown in Table II , where they can be compared to the classical predictions. As for the XY case, one can see that the addition of quantum fluctuations reduces the energy dramatically. In Table II , we also report the values of the fitting parameter C whenever it is positive. As discussed for the XY model, one can obtain information on the behavior of the spin-wave velocity c sw from the coefficient C of the fitting procedure of Eq. (13) . Here, C decreases upon increasing frustration but does not vanish at the transition from the antiferromagnetic state to the (π, 0)-spiral. This behavior is similar to that observed in the XY model for the transition between the antiferromagnetic state and the collinear one. TABLE II. Extrapolated energies of the variational Jastrow state in the thermodynamic limit in the spin-1/2 Heisenberg model for 0 < J2/J1 < 1. We also report the value of C in Eq. (13), and the classical prediction for the energy.
V. CONCLUSIONS
We have explored the stability of classically ordered states within the phase diagram of the spin-1/2 XY and Heisenberg models on the honeycomb lattice, using longrange Jastrow wave functions and Monte Carlo simulations.
For the XY model, in the context of our variational calculations, we find that quantum fluctuations extend the stability of the antiferromagnetic state up to J 2 /J 1 ≃ 0.26 (to be compared to J 2 /J 1 = 1/6 in the classical case), of the collinear state for 0.26 J 2 /J 1 1 (to be compared to J 2 /J 1 = 0.5 in the classical case), and of the 120
• phase for J 2 /J 1 3.5 (to be compared to J 2 /J 1 = ∞ in the classical case). Quantum fluctuations are found to suppress spirals I, while spirals II still occur for 1 J 2 /J 1 3.5, in between the collinear and 120
• states. Since the difference in energy between spirals II and the collinear or 120
• states is very small in the region where the former are the lowest-energy states in the finite clusters studied, an open question is whether those spirals remain stable in the thermodynamic limit, or whether they disappear and a direct transition occurs between collinear and 120
• states. A comparison between the results of our variational calculations for spirals in the spin-1/2 XY model to those of exact diagonalization (see the Appendix), partonic wave function studies [28] , and density-matrix renormalization group calculations [29] makes apparent that inplane magnetically ordered states are not expected to appear as ground states in the maximally frustrated region 0.2 J 2 /J 1 0.36. On the contrary, magnetically ordered states described by Eq. (9) are expected to correctly describe the ground-state properties for both J 2 /J 1 0.2 and probably J 2 /J 1 0.36 (for the latter case, more work is needed to understand the precise value of J 2 at which magnetic long-range order occurs).
For the Heisenberg model, we find that quantum fluc- tuations extend the stability of the antiferromagnetic state up to J 2 /J 1 ≃ 0.3 (to be compared to J 2 /J 1 = 1/6 in the classical case), of the (π, 0) spiral state for 0.3 J 2 /J 1 0.7 (to be compared to J 2 /J 1 = 0.5 in the classical case), of the collinear state for 0.7 J 2 /J 1 1.4 (to be compared to J 2 /J 1 = 0.5 in the classical case), and of the 120
• phase for J 2 /J 1 3.4 (to be compared to J 2 /J 1 = ∞ in the classical case). Spirals II appear for 1.4 J 2 /J 1 3.4, between the collinear and 120
• states. As in the XY case, since the difference in energy between spirals II and the collinear and 120
• states is very small, their stability in the thermodynamic limit remains uncertain.
We note that, for our finite-size calculations of the spin-1/2 XY and Heisenberg models, quantum fluctuations lift the macroscopic classical degeneracy of spirals II favoring wave vectors along the border zone M-K ′ , in agreement with O(1/S) spin-wave calculations [14] . In addition, they lift the degeneracy between the (π, 0) spiral state and the collinear state. As a result, the former state disappears from the phase diagram of the XY model while its stability is enhanced in the Heisenberg one. However, we found that our results for the energy of the (π, 0)-spiral state in the Heisenberg model exhibit strong finite-size effects, which suggests that they need to be reconsidered with calculations on larger clusters and/or including Jastrow factors with higher-order correlations.
Finally, we would like to briefly discuss the relation of our variational calculations of magnetically ordered phases with previous numerical calculations on the spin-1/2 Heisenberg model. In Fig. 10 , we report the energy of our best states together with recent density-matrix renormalization group (DMRG) calculations [21] , variational approaches based upon Jastrow and projected fermionic states [15] , or plaquette Ansätze [20] . (A comparison with exact diagonalization results for a 32-site cluster is presented in the Appendix). In general, ordered states provide accurate approximations for the exact ground state for small and large values of J 2 /J 1 . Especially for J 2 /J 1 0.2, our energies are competitive with the DMRG ones, indicating that the Néel ordered phase occurs in that regime. The DMRG result that the Néel phase is obtained beyond its classical stability region is fully compatible with our present results, showing that (in contrast to other results for frustrated lattices such as, for example, the J 1 -J 2 model on the square lattice) quantum fluctuations can reinforce collinear magnetic order.
On the contrary, our spin-wave states have a rather poor accuracy in the highly frustrated regime 0.2 J 2 /J 1 0.4, where magnetically disordered phases with plaquette and dimer order should occur [21] [22] [23] . The (π, 0) spiral state may disappear altogether, being replaced by disordered plaquette and dimer phases [21] [22] [23] . For larger values of J 2 /J 1 , our ordered states become again competitive with other those from methods, indicating that magnetically ordered phases are present in that part of the phase diagram. In particular, the collinear phase with Q = (0, 2π/ √ 3) (and related ones) may be relevant for J 2 /J 1 0.8, where DMRG results [21] showed clear evidence of a rotational-symmetry breaking and possibly a vanishing spin gap. In order to test the accuracy of our spin wave states, here we present a direct comparison between variational and exact energies on a small (4 × 4 × 2)-site cluster for 0 ≤ J 2 /J 1 ≤ 1. The results for the energy are reported in Tables III and IV for the XY and Heisenberg models, respectively. In such a cluster, only a few spirals can be accommodated (there are only four independent momenta available). We mention that the exact ground state is always in the Q = (0, 0) subspace, for both the XY and the Heisenberg models.
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